This paper analyzes the combined effects of buoyancy force, mass flux, and variable surface temperature on the stagnation point flow and heat transfer due to a Jeffery fluid over a vertical surface. The governing nonlinear partial differential equations are transformed into a system of coupled nonlinear ordinary differential equations using similarity transformations and then solved numerically using the function bvp4c from computer algebra software Matlab. Numerical results are obtained for skin friction coefficient, Nusselt number as well as dimensionless velocity and temperature profiles for various values of the controlling parameters namely mixed convection parameter λ , mass flux parameter s, elastic parameter (Deborah number) γ, and the ratio of relaxation and retardation time parameter λ 1 . The results indicate that dual solutions exist in a certain range of the mixed convection and mass flux parameters. In order to establish the physically realizable of these solutions, a stability analysis has also been performed. The results indicate that mixed convection and mass flux significantly affects the nature of the solutions, skin friction, and Nusselt number of a Jeffery fluid.
Introduction
In non-Newtonian fluids the flow properties especially the fluid viscosity differs from those of Newtonian fluids. In these fluids the viscosity depends on shear rate or shear rate history (Bird et al. [1] ; Coleman and Noll [2] and Harris [3] ). Although there could be some non-Newtonian fluids with shear-independent viscosity, they still exhibit normal stress differences or other non-Newtonian behaviour. In non-Newtonian fluids, the constitutive relationships between the stress tensor and the rate of strain tensor are much complicated in comparison to the classical Navier-Stokes equations. Due to the extensive applications in science, industry, and technology (for example, molten polymer, starch suspensions, productions of toiletries and paints, thermal oil recovery, slurry transportation, food processing, and characterizing animal blood, etc.) a variety of non-Newtonian fluid models can be found in the open literature. A Jeffery fluid [4] is a kind of nonNewtonian fluid that is capable of describing the characteristics of relaxation and retardation times and has attracted attentions by many investigators ( [5 -11] , and the references therein) because of its simplicity. This fluid model is able to describe the characteristics of relaxation and retardation times which arise in complex polymeric flows. Furthermore the Jeffrey type model utilizes time derivatives rather than convected derivatives, which greatly facilitates numerical simulations. This flow model provides an elegant formulation for simulating retardation and relaxation effects arising in non-Newtonian flows. There were recently published several paper of Jeffery fluid, such as, for example, Hayat et al. [12, 13] , Shehzad et al. [14 -16] , etc.
The steady viscous flow in the neighbourhood of a stagnation point on a fixed wall, first studied by Hiemenz [17] , is very important for many practical applications in the modern industry. The stagnation flow occurs whenever the flow impinges on any solid object and the local velocity of the fluid at the stagnation point is zero. A large number of calculations on this problem including different effect into the govern-ing equations have been done. Excellent review of existing theoretical and experimental work on this subject can be found in the books by Gebhart et al. [18] , White [19] , Shlichting and Gersten [20] , Pop and Ingham [21] , Bejan [22] , etc. There are also several interesting published papers on the stagnation point flow as can be seen in Merkin and Mahmood [23] , Ishak et al. [24] , etc. On the other hand, it should be mentioned that mixed convection flows, or the combination of both forced and free convection, arise in many transport processes in engineering devices and in nature, including solar receivers exposed to wind currents, electronic devices cooled by fans, nuclear reactors cooled during emergency shutdown, heat exchanges placed in a low-velocity environment, etc. Such processes occur when the effect of the buoyancy force in forced convection or the effect of a forced flow in free convection becomes a significant feature. It is already well established that thermal buoyancy forces play a significant role in forced convection heat transfer when the flow velocity is relatively low and the temperature difference between the surface and the free stream is relatively large. Buoyancy forces also play a significant role in the onset of flow instabilities, as they can be responsible for either delaying or speeding up the transition from laminar to turbulent flow (see Chen and Armaly [25] ). These authors have shown that the domain of the mixed convection regime is generally defined as the region a ≤ Gr/Re n ≤ b, where Gr is the Grashof number, Re is the Reynolds number, a and b are, respectively, the lower and the upper bounds of the domain, and n is a constant which depends on the flow configuration and the surface heating conditions. The buoyancy parameter Gr/Re n provides a measure of the influence of free convection in comparison to that of forced convection on the flow. Outside the mixed convection region, a ≤ Gr/Re n ≤ b, either a pure forced convection or a pure free convection analysis can be used to describe the flow and the temperature field accurately.
The objective of this paper is to study the steady mixed convection boundary layer flow and heat transfer of a Jeffery fluid near the stagnation point on a permeable vertical surface. Particular attention is given to deriving numerical results for the critical/turning points which determine the range of existence of multiple (dual) upper and lower branch solutions. In this respect, a stability analysis of the dual solutions has been performed. This new type of flow is essentially a backward flow as discussed by Goldstein [26] . Further, it is worth mentioning that suction or injection of a fluid through the bounding surface, as, for example, in mass transfer cooling, can significantly change the flow field and, as a consequence, affect the heat transfer rate at the plate. In general, suction tends to increase the skin friction and heat transfer coefficients, whereas injection acts in the opposite manner. Injection or withdrawal of a fluid through a porous bounding heated or cooled wall is of general interest in practical problems involving boundary layer control applications such as film cooling, polymer fiber coating, coating of wires, etc. We mention to this end that the following relevant very recently studies for the mixed convection flow may be also mentioned: Hayat et al. [27 -29] , Awais et al. [30] , Shehzad et al. [31] , etc.
Basic Equations
Following Bird et al. [1] , the Cauchy stress tensor Ξ Ξ Ξ of a Jeffery non-Newtonian fluid takes the form
where
Here S is the extra stress tensor, p is the pressure, I is the density tensor, V is the velocity vector, µ is the dynamic viscosity, λ 1 is the ratio of relaxation to retardation time, λ 2 is the retardation time,γ is the shear rate, and a dot above a quantity denotes the material time derivative. Following these relations, we consider the two-dimensional boundary layer flow of a Jeffery fluid near the stagnation point over a permeable vertical surface coinciding with the plane y = 0, the flow being confined to y > 0, where the y coordinate is measured in the normal direction to the vertical surface, as shown in Figure 1 . It is assumed that the velocity distribution of the external flow (ambient fluid) is u e (x) = ax, where x is the coordinate measured along surface, and a is a positive constant (a > 0). It is also assumed that the constant mass flux velocity is v 0 with v 0 < 0 for suction and v 0 > 0 for injection or withdrawal of the fluid, respectively. Also, the temperature of plate is T w (x), while the uniform temperature of the ambient fluid is T ∞ . Under these conditions, the boundary layer equations, which govern this problem, are (see Qasim [11] )
subject to the bounday conditions (see Garg and Rajagopal [32] )
where u and v are the velocity componets along x and y axes, T is the fluid temperature, T 0 is a temperature characteristic with T 0 > 0 for a heated plate (assisting flow) and T 0 < 0 for a cooled plate (opposing flow) surface, respectively, α is the thermal diffusivity, g is the acceleration due to gravity, and β is the thermal expansion coefficient. Hence the initial studies for mixed convection flows should be highlighted. Some relevant studies may be mentioned as follows.
In order to solve (4) - (6) along with the boundary conditions (7), we introduce the following similarity variables:
where ψ is the stream function which is defined in the usual way as u = ∂ ψ/∂ y and v = −∂ ψ/∂ x. Thus, we have
where prime denotes differentiation with respect to η.
Substituting (8) into (5) and (6), the following set of ordinary differential equations results in
and the boundary conditions (4) become
Here Pr = ν/α is the Prandtl number, λ is the constant mixed convection parameter, γ is the elastic parameter (or Deborah number), and s is the constant suction (s > 0) or injection (s < 0) parameter, which are defined as
with Gr x = gβ (T w − T ∞ )x 3 /ν 2 being the local Grashof number, and Re x = u e (x)x/ν is the local Reynolds number. We notice that λ = 0 corresponds to forced convection flow, λ > 0 corresponds to assisting flow (heated plate), and λ < 0 corresponds to opposing flow (cooled plate), respectively. Physical quantities of interest are the skin friction coefficient C f and the local Nusselt number Nu x , which are defined as
where τ w and q w are the wall skin friction and the heat transfer from the plate, which are given by
Using variables (8), we get
Flow Stability
To investigate the stability of the problem let us consider the corresponding unsteady problems of (5) and (6) as follows:
subject to the boundary conditions
Let us consider the following transformations:
where τ = at is a dimensionless time variable. Substituting (20) into (17) and (18), we obtain
1 Pr
The boundary conditions (19) become
To test stability of the steady flow solution f (η) = f 0 (η) and θ (η) = θ 0 (η) satisfying the boundary-value problem (10) -(12), we write (see Weidman et al. [33] , Postelnicu and Pop [34] , and Roşca and Pop [35, 36] )
where σ is an unknown eigenvalue parameter, F(η, τ) and G(η, τ) are small relative to f 0 (η) and θ 0 (η). Substituting (24) into (21) and (22), we obtain the following linearized problem:
along with the boundary conditions
As suggested by Weidman et al. [33] , we investigate the stability of the steady flow and heat transfer solution f 0 (η) and θ 0 (η) by setting τ = 0, and hence F = F 0 (η) and G = G 0 (η) in (10) and (11) to identify initial growth or decay of the solution (24) . To test our numerical procedure, we have to solve the linear eigenvalue problem
For particular values of Pr, λ , s, γ, and λ 1 , the stability of the corresponding steady flow solutions f 0 (η) and θ 0 (η) is determined by the smallest eigenvalue σ . As it has been done by Harris et al. [37] , the range of possible eigenvalues can be determined by relaxing a boundary condition on F 0 (η) or G 0 (η). For the present problem, we relax the condition that F 0 (η) → 0 as η → ∞. Thus, for a fixed value of σ we solve the problem (28) -(30) along with the new boundary condition F 0 (0) = 1.
Numerical Technique
Following Roşca and Pop [35, 36] and Rahman et al. [38, 39] the system of ordinary differential equations (10) and (11) subject to the boundary conditions (12) is solved numerically using the function bvp4c from Matlab for different values of the controlling parameters. The numerical simulations are carried out for various values of the physical parameters mixed convection parameter λ , mass flux parameter s, elastic parameter (or Deborah number) γ, and the ratio of relaxation and retardation time parameter λ 1 for a fixed value of the Prandtl number Pr. Because of the lack of experimental data, the choice of the values of the parameters was dictated by the values chosen by previous investigators. The value of the Prandtl number is set equal to 1 throughout the paper. The values of the other parameters are mentioned in the description of the respective figures. The code bvp4c is developed using finite difference method that implements the three-stage Lobatto IIIa formula, which is a collocation method with forth-order accuracy. In this approach, the ordinary differential (10) and (11) are reduced to a firstorder system by introducing new variables. The mesh selection and error control are based on the residual of the continuous solution. The relative error tolerance has been set to 10 −7 . Because the present problem may have more than one solution (dual, upper and lower branch solutions), a 'good' initial guess is necessary. The 'infinity' η → ∞ in the boundary condition (9) is replaced by a finite value η = η ∞ . We started the computation at small value, for example, η = 5, then subsequently increased the value of η until the boundary conditions are verified. In this method, we have chosen a suitable finite value of η → ∞, namely η = η ∞ = 20 for the upper branch (first) solution and η = η ∞ in the range 40 -50 for the lower branch (second) solution. Examples of solving boundary value problems by bvp4c can be found in the book by Shampine et al. [40] or through online tutorial by Shampine et al. [41] .
It is good to mention that for λ = λ 1 = γ = s = 0, (7) f + f f + 1 − f 2 = 0 along with the boundary conditions, (12) f (0) = 0, f (0) = 0, f (∞) → 1 coincides with the classical Falkner-Skan wedge flows (4 -71) with boundary conditions (4 -72) of White [19] . For m = 1, White [19] reported f (0) = 1.23259 which exactly matches with our calculated value.
Results and Discussion
The numerical simulations of (10) and (11) of −θ (0) (Fig. 5) show a similar behaviour to that of the corresponding f (0). But for the lower branch solution these values decrease very rapidly with the increase of λ . It is good to mention that the values of −θ (0) for the lower branch solution are found very large compared to the corresponding values of the upper branch solution in the vicinity of λ = 0. To visulalize both the solution branches we have truncated the lower branch solution as a consiquence it shows asymptotic behaviour as λ → 0. Otherwise with the same scale the upper branch solutions will not be distinguishable. From the stability analysis it is found that the upper solution branch is stable and physically realizable whereas the lower solution branch is unstable and physically not realizable. In Table 1 we have calculated the smallest eigenvalues (σ ) for the upper branch solutions for an opposing flow for various values of the parameters γ and λ 1 . Due to the smallness of the thickness of the hydrodynamic and thermal boundary layers thicknessess it is extreamly difficult to find the smallest eigenvalues for the lower branch solution, hence not calculated here. Figures 6 to 7 illustrate the effects of the elastic parameter, i.e. Deborah number γ and λ on the values of f (0) and −θ (0), respectively. Small values of Table 1 The temperature profile within the boundary layer decreases, as a consequence the thickness of the thermal boundary layer also decreases with the increase of s for the upper branch solution. Although the thickness of the thermal boundary layer for the lower branch solution decreases with the increase of s it can not be accepted as it is higher than the corresponding value of the upper branch solution.
The variation of the elastic parameter (Deborah number) on the Jeffery fluid velocity and temperature distributions are investiagted in Figures 12 to 13 , respectively. Figure 12 shows that the fluid velocity as well as the hydrodynamic boundary layer thickness for the upper branch solution increases with the decrease of γ. This is due to the fact that the greater the Deborah number, the more solid the material; the smaller the Deborah number, the more fluid it is. The lower branch solution although it decreases with the decrease 
Conclusions
In this paper we investigated the steady mixed convective boundary layer flow and heat transfer characteristics of a Jeffery fluid considering variable surface temperature over a vertical flat plate in the presence of mass flux at the surface. The numerical simulation was carried out to investigate the existence of the dual solutions. The critical suction and mixed convection parameters for an opposing flow have been identified for the existence of the dual solutions. From this thorough investigation the major points can be summarized as follows: (v) Intensification of the ratio of the relaxation to retardation times parameter λ 1 decreases the mometum and thermal boundary layer thicknessess.
